This paper shows how an optimization-based approach to calculate reachable sets can be improved by using a subdivision-algorithm.
Optimization-based algorithm for reachable sets
The reachable set R (sometimes also called attainable set) at a given time T of a nonlinear control systemẋ (t) = f (t, x(t), u(t)), x(t 0 ) = x 0 , u(t) ∈ U, t ∈ [t 0 , T ] is the union of the endpoints of all feasible solutions.
This set can be approximated using an optimization-based approach (e.g. [1] ). The basic idea behind this algorithm is, that we choose an initial bounding box B = [a 1 , b 1 ] × [a 2 , b 2 ] × ..., discretize this box into a grid G (e.g. an eqidistant grid) and solve the optimal control problem (OCP) min ||g − x(T )|| 2 subject toẋ(t) = f (t, x(t), u(t)), u(t) ∈ U and x(t 0 ) = x 0 (1) using direct discretization for every gridpoint g ∈ G. The union of the endpoints of the calculated solutions now approximates the reachable set.
Grid construction via subdivision
The biggest performance problem of the optimization-based algorithm is, that we have to solve many optimization problems, which can be very expensive. To address this issue we use some ideas from subdivision algorithms (e.g. [3] , [4] ) to reduce the number of gridpoints and therefore the number of optimization problems.
) where x is the solution of the OCP (1).
With this definition we can show that the reachable set R is the global attractor since F (R) = R and F (g) ∈ R for every g ∈ R n . 
In the two-dimensional case, we subdivide our initial bounding box into four smaller boxes (i.e. θ = 0.5) by solving the OCP on an equidistant 3 × 3 grid. In the next step we drop all boxes that do not contain at least one endpoint of the nine calculated solutions and we subdivide the remaining boxes in the same way as before. This will be repeated until the grid is dense enough. 
Numerical example
The Rayleigh-problem (e.g. [2] ) with initial bounding box [−10, 10] 2 can be used as an example to illustrate the improvements of the subdivision algorithm: Figure 4 shows the results using the optimization-based algorithm on a 33 × 33 grid and Figure 5 the result of the subdivision with the same density of gridpoints near the set. Table 1 compares the cpu-times to calculate the reachable set using the optimization-based algorithm and the subdivision algorithm and Table 2 shows the number of needed gridpoints for both versions. 
